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Chapter 3. APPLICATIONS

OF DIFFERENTIATION

Related Rates
Extreme Values

The Mean Value Theorem. Shapes of Curves
Sketching the Graph of a Function
L'Hopital’s Rule

Optimization Problems

Newton's Method

Antiderivatives and Indefinite Integrals
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3.5 INDETERMINATE FORMS

AND L'HOPITAL'S RULE

3.5.1 INDETERMINATE QUOTIENTS

If we have a limit of the form
f(x)

lim —
x—a g(x)
where both f(x) — 0 and g(x) — 0 as x — a then this limit may or may
not exist and is called an indeterminate form of type g.
For instance, the following limits

i 1- [
i SNX. cosx . In(x)

x—0 x2 ' x—0 X2 x—1x2—1

are of the indeterminate form of type g.
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3.5 INDETERMINATE FORMS

AND L'HOPITAL'S RULE

3.5.1 INDETERMINATE QUOTIENTS

If we have a limit of the form
im FX)
x—a g(x)

where both |f(x)| — oo and |g(x)| — o0, as x — a, then the limit may

or may not exist and is called an indeterminate form of type 2.
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3.5

INDETERMINATE FORMS

AND L'HOPITAL'S RULE

L'Hospital’s Rule  Suppose f and g are differentiable and ¢'(x) # 0 near a
(except possibly at @). Suppose that

lim f(x) =0 and limg(x) =0

X—da

or that limf(x) = +»  and lim g(x) = +o

X—a

(In other words, we have an indeterminate form of lype—g or=.) Then

i
= lim
1—a g(.\’} x=a g'(x)

if the limit on the right side exists (or is % or —%).




3.5 INDETERMINATE FORMS

AND L'HOPITAL'S RULE

NOTES:

NOTE 1: L'Hospital’'s Rule says that the limit of a quotient of functions
is equal to the limit of the quotient of their derivatives, provided that the
given conditions are satisfied.

NOTE2 » L'Hospital's Rule is also valid for one-sided limits and for limits at infin-

ity or negative infinity; that is) “x — a” can be replaced by any of the following sym-
bols: x—=a", x—a , x>0, x— -
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3.5 INDETERMINATE FORMS

AND L'HOPITAL'S RULE

3.5.1 INDETERMINATE QUOTIENTS

CAUTION: It is especially important to verify the limit lim,_., g(% is
an indeterminate form of the type g or 22 before using I'Hospital’s Rule.
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3.5 INDETERMINATE FORMS

AND L'HOPITAL'S RULE

3.5.1 INDETERMINATE QUOTIENTS

CAUTION: It is especially important to verify the limit lim,_., g(% is
an indeterminate form of the type g or 22 before using I'Hospital’s Rule.

|
_— y Inx
EXAMPLE 1 Evaluate !1m| Ty
; Inx 0
Solution We have lim = -
=1 .(2 . | 0
_ i % | 1 = 1
ik .rfll E _J'I—T| F - E
o
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3.5 INDETERMINATE FORMS

AND L'HOPITAL'S RULE

3.5.1 INDETERMINATE QUOTIENTS

T e T 2sinx — sin(2x)
_EXAMPLE 2 Evalmate i o o — =7

Solution We have (using I"Hopital’s Rule three times)

lim ——
x 302X F Py x= 0
2cosx — 2cos(2x
= lim w cancel the 2s
x—=0 Qe -2 _2x
cosx — cos(2x) . 0
_— still -

x—=0 e¥—1-—x

—sinx 4 2sin(2x) = 0
n — still -

2sinx — sin(2x) I:Oi|

Il
—
=
g

x—=0 et —1
. —cosx +4cos(2x) -1 +4
= lim = =3
r—=0 et |
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3.5 INDETERMINATE FORMS

AND L'HOPITAL'S RULE

3.5.1 INDETERMINATE QUOTIENTS

B
A— ) - . x
EXAMPLE 3 Buahwate (@ Jlim == and (b) lim o=
Solution
@ i 2x—m {0:|
| m T
1—(m/2)— coslx 0
2
= lm ———=—-

1—+(m/2— —2sinx cosx
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3.5 INDETERMINATE FORMS

AND L'HOPITAL'S RULE

3.5.1 INDETERMINATE QUOTIENTS

(b) I"Hopital’s Rule cannot be used to evaluate lim,_, + x/(Inx) because this is not an
indeterminate form. The denominator approaches (0 as x — 14, but the numerator
does not approach 0. SinceInx = 0 for x = [, we have, directly,

X

lim —

=1+ Inx

(Had we tried to apply I'Hopital’s Rule, we would have been led to the erroneous
answer limy—+(1/(1/x)) = 1.)

BEWARE! Do not use I'Hopital's Rule to evaluate a limit that is not
indeterminate.
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3.5 INDETERMINATE FORMS

AND L'HOPITAL'S RULE

Example 5.1  Find the following limits

(a) limyx—o %
(b)  limy_ X=Snx,
(c)  limy_o Sox.
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3.5 INDETERMINATE FORMS

AND L'HOPITAL'S RULE

3.5.2 INDETERMINATE PRODUCTS

The limit
lim f(x)g(x),

where lim,_,, f(x) = 0 and limy_, |g(x)| = oo, is called an
indeterminate form of type 0 - co. By writing the product fg as a
quotient

fg = or fg =

o =]~
s

the given limit can be converted into an indeterminate form of type g or
%, so that we can use I'Hospital’s Rule.
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3.5 INDETERMINATE FORMS

AND L'HOPITAL'S RULE

3.5.2 INDETERMINATE PRODUCTS

Example:

0 lm 'y (@>0 [0 (-00)]

1-04
Inr -0
= oy [
1-3‘[]1- m
s g
= Im — = m — =0,
AR | AN TR
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3.5 INDETERMINATE FORMS

AND L'HOPITAL'S RULE

3.56.3 INDETERMINATE DIFFERENCES

If limy—, f(x) = 0o and limy_,, g(x) = oo, then the limit
lim [£(x) — g(x)]

is called an indeterminate form of type oo — cc.

Example 5.3  Determine

Example 5.4  Find




3.5 INDETERMINATE FORMS

AND L'HOPITAL'S RULE

EXAMPLE 4 Evaluate lim (i_ : )

=0+ \X  sinx
Solution The indeterminate form here is of type [0¢ — o0] to which I'Hopital’s Rule

cannot be applied. However, it becomes [0/0] after we combine the fractions into one
fraction.

1 1
lim (— — — ) [oo — oa]
=04+ \ x sIn X

i sinx — x 0
= lm —— =
x—0+ xsinx 0

. cosx — 1 0
= Im — s
x—0+ sInX + X COs X 0
—sinx —0
= lim —mm— - — =0
x—0+ 2cosx —xsinx 2
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3.5 INDETERMINATE FORMS

AND L'HOPITAL'S RULE

3.5.4 INDETERMINATE POWERS

E Indeterminate Powers

Several indeterminate forms arise from the limit

fim [ £ ()]

1. lim f(x) =0 and limg(x) =0 type 0"
2. lim f(x) =2 and limg(x) =0 type ="
3. limf(x) =1 and limg(x) = *= type 17
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3.5 INDETERMINATE FORMS

AND L'HOPITAL'S RULE

3.5.4 INDETERMINATE POWERS

Limits of functions of the form

lim [£(x)]8>)

X—a

can lead to indeterminate forms of the types 0°, oc® or 1°.

Each of these three cases can be treated by taking the natural logarithm:

let y=[f(x)]EX), then Iny=g(x)Inf(x)

In this method, we are led to the indeterminate product g(x) In f(x),
which is of type 0 - co.
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3.5 INDETERMINATE FORMS

AND L'HOPITAL'S RULE

3.5.4 INDETERMINATE POWERS

Example 5.5 Evaluate

lim (cos x)xi2 .
x—0

Example 5.6  Find the limit

. 1
X“JT()]+(COt X)Tx,
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3.5 INDETERMINATE FORMS
AND L'HOPITAL'S RULE

355 L'HOPITAL'S RULE FOR LIMITS AT INFINITY

Theorem 5.2 (L’Hbspital’s Rule for Limits at Infinity)

Suppose that f and g are differentiable on an interval (b, o) and
that g'(x) # 0 for x > b. If

lim f(x)= lim g(x)=0
or

lim |[f(x)] = lim |g(x)| = occ.
Then - p
lim —(X) = lim /(X)

X— 00 g(X) X— 00 g (X)
provided that the limit on the right exists or is co or —oco. A similar
result holds for limits as x — —o0.
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3.5 INDETERMINATE FORMS

AND L'HOPITAL'S RULE

355 L'HOPITAL'S RULE FOR LIMITS AT INFINITY

Example 5.7  Find the following limits

(a) limyxooo ';‘fj‘, a > 0.
. Xn . .
(b) lim,_ %, n is an integer.

Example 5.8  Evaluate lim,_,_ ., v'x2e*. Use the knowledge of this
limit, together with information from derlvatlves, to sketch the curve

= f(x) = V/x2e*.
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e 3 x
EXAMPLE 7 Evaluate j]_irrgc(l +s-..,?) ,

anX
Solution This indeterminate form is of type 1°°. Let y = (1 + sin l) . Then.
X

taking In of both sides,

3

lim Iny = lim xIn (] + sin —) [co - 0]
X500 00 x

3
ln(l +5;in—}
x




3.5 INDETERMINATE FORMS

AND L'HOPITAL'S RULE

-

EXAMPLE 5 Evaluate (a) lim 1—; and (b) lim x%Inx, wherea = 0.
o i, el (PG =00 g

x—=04+
X2 o0
(a) lim — [—]
r—o00 gt oo
i i [0
= lim — still | —
x—00 gf oo
= lim — =0.
100 gt

Similarly. one can show that limy_. oo x" /¢* = 0 for any positive integer n by repeated
applications of I"Hopital’s Rule.

(b) lim x®lnx (a=0) [0+ (—00)]
x—=0+

. Inx —00
= lim —_—
x50 x93 oo
k 1/x j x®
= lim / T = lim — =0.
10+ —ax~9— =04 —a
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3.6 OPTIMIZATION PROBLEMS

Example 6.1  An open rectangular box with square base is to be made
from 48 ft?> of material. What dimensions will result in a box with the
largest possible volume 7
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3.6 OPTIMIZATION PROBLEMS

Example 6.1  An open rectangular box with square base is to be made
from 48 ft?> of material. What dimensions will result in a box with the
largest possible volume 7

Solution: Let variable x be the length of one edge of the square base and
variable y the height of the box.

The total surface area of the box is: (area of base) +4 (area of one

side)
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3.6 OPTIMIZATION PROBLEMS

Example 6.1  An open rectangular box with square base is to be made
from 48 ft2 of material. What dimensions will result in a box with the

largest possible volume 7
Solution: Let variable x be the length of one edge of the square base and
variable y the height of the box.

The total surface area of the box is: (area of base) +4 (area of one
side)= x2 + 4(xy) = 48.
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3.6 OPTIMIZATION PROBLEMS

It follows from x2 + 4(xy) = 48 that y = 4=,

X

We wish to MAXIMIZE the total VOLUME of the box

V = (length) (width) (height) = (x)(x)(y) = x?y




3.6 OPTIMIZATION PROBLEMS

7X2

_ __ 48
It follows from x2 + 4(xy) = 48 that y = 47.
We wish to MAXIMIZE the total VOLUME of the box

V = (length) (width) (height) = (x)(x)(y) = x2y = x? (48%) .

This means that we want to find the maximum of the function:

_ 48x — x3

. x>0
2 X

V(x)
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3.6 OPTIMIZATION PROBLEMS

2 — _ 48
It follows from x° 4 4(xy) = 48 that y = -

x -

We wish to MAXIMIZE the total VOLUME of the box
V = (length) (width) (height) = (x)(x)(y) = x2y = x° (48%) .

This means that we want to find the maximum of the function:

_ 48x — x3

. x>0
2 X

V(x)

We have
48— 3x2

4
Moreover, V/(x) > 0if x <4 and V'(x) < 0if x > 4. So V(4) =32s
the maximum of V on (0, c0).

If x=4 ft. and y=2 ft. then V = 32ft3 is the largest possible volume of
the box.

Calculus | Chapter 3, Part 2
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3.6 OPTIMIZATION PROBLEMS

Example 6.2 A movie screen on a wall is 20 feet high and 10 feet
above the floor. At what distance x from the front of the wall should you
position yourself so that the viewing angle 6 of the movie screen is as
large as possible ? (See diagram).

20

10
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3.6 OPTIMIZATION PROBLEMS

Example 6.2 A movie screen on a wall is 20 feet high and 10 feet
above the floor. At what distance x from the front of the wall should you
position yourself so that the viewing angle 6 of the movie screen is as
large as possible ? (See diagram).

20

10

24

Solution: Let variable 8 be the viewing angle and variable x the distance
as denoted in the diagram.
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3.6 OPTIMIZATION PROBLEMS

We seek to write angle 6 as a function of distance x. Introduce angle a
as in the diagram below.

We have tana = 170. Thus o = arctan 170.
20
[¥]
10
) a
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3.6 OPTIMIZATION PROBLEMS

We seek to write angle 6 as a function of distance x. Introduce angle a
as in the diagram below.

We have tana = 170. Thus o = arctan 170.
20
[¥]
10
) a
x In a similar fashion:

tan(f 4+ o) = 3, so that 6 + o = arctan 2. Therefore

X

30 30
f = arctan — — a = arctan — — arctan —, x > 0.
X X X
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3.6 OPTIMIZATION PROBLEMS

We want to find the maximum of the function
30 10

0(x) = arctan — — arctan —, x > 0.
X X

we have
-30 10

T 2130 Tt

Thus, §'(x) = 0 when x = 10+/3. Moreover, #'(x) > 0 if x < 10v/3 and
0'(x) < 0 if x > 10v/3. So

0'(x)

™

1
6(10v/3) = arctan /3 — arctan — = g - % =%

V3

is the maximum value.
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STEPS IN SOLVING OPTIMIZATION PROBLEMS

1. Read the problem very carefully until it is clearly understood what is given
and what must be found.

2. Make a diagram if appropriate. In most problems it is useful to draw a
diagram and identify the given and required quantities on the diagram.

3. Assign any symbols that are not already specified in the statement of the
problem.

4. Express the quantity Q to be maximized or minimized as a function of one
or more variables.

5. If Q is a function of more than one variable, use the information to find
relationships (in the form of equations) among these variables to eliminate
variables and hence express Q as a function of only one variable.

6. Find the required extremum value of the function Q.
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3.7 NEWTON'S METHOD

Suppose that we need to find roots to the equation

f(x) =0.
e There are only a few general classes of equations that we can solve
exactly.

e For a quadratic equation ax? + bx 4+ ¢ = 0, there is a well-known
formula for the roots.

e For third- and fourth-degree equations, there are also formulas for the
roots. However, they are extremely complicated.

e For a polynomial of degree 5 or higher, there is no such formula.
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3.7 NEWTON'S METHOD

When exact formulae for solving an equation are not available, we can
turn to numerical techniques to approximate the solutions we seek.

Calculus | Chapter 3, Part 2



3.7 NEWTON'S METHOD

When exact formulae for solving an equation are not available, we can
turn to numerical techniques to approximate the solutions we seek.

® The goal of Newton's method for estimating a solution r of an
equation f(x) = 0 is to produce a sequence of approximations that
approach the solution.
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3.7 NEWTON'S METHOD

Suppose that r is a solution of the equation f(x) = 0. However, we can
not know the exact value of r. So we find an approximate solution to the
equation f(x) = 0.

In fact, we find a sequence xq, xo, ..., X,, ... such that lim,_..ox, =r.

We start with a first approximation x, which is obtained by guessing, or
from a rough sketch of the graph of f, or from a computer generated

¥ y

graph of f. Then x; in the
x-intercept of the tangent line to the curve y = f(x) at (x1,f(x1))
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3.7 NEWTON'S METHOD

The equation of the tangent line at (x, f(x1)) is
y —f(x1) = f'(x1)(x — x1). Thus,
y(x2) = f(x1) =0 —f(x1) = f'(x1)(x2 — x1). If f'(x1) # 0, we can solve
this equation for x:
f(x1)

f'(>a)
We use x, as a second approximation to r. Next we repeat this procedure

(x3. £Oc,) l//

Xo = X1 —

»

with x; replaced by x;. Then
x3 in the x-intercept of the tangent line to the curve y = f(x) at

(X27 f(XQ))
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3.7 NEWTON'S METHOD

Then x3 is given by

f(x2)
X3 = Xp — f’(XQ)
In general, if the n-th approximation is x, and ’(x,) # 0 then the next
approximation is given by

f {-rn)
fx)

|z| Xaiy — Xy =

If the numbers x, become closer and closer to r as n becomes large, then we say
that the sequence converges to r and we write

limx,=r

f—+
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3.7 NEWTON'S METHOD

The formula

f(xn)
Xn+1 = Xn — f’(X,,)

is known as the Newton’s Method formula.

e The procedure in going from n to n+ 1 is the same for all values of n.
It is called an iterative process.

e This method is known as Newton’s Method or The
Newton-Raphson Method.
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3.7 NEWTON'S METHOD

NEWTON'S METHOD

To find a numerical approximation to a root of f(x) = 0:

1. Choose initial guess xo (close to the desired root if possible).

2. Use the first approximation xp to get a second, the second to get a third,
and so on, using the formula

= 5, — f(xn) s
Xn+1 = Xn f/(X,,)7 (f ( n) 7é 0)

where f'(x,) is the derivative of f at x;.
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3.7 NEWTON'S METHOD

Use Newton’s Method to find the only real root of the equation
EXAMPLE 3 :
—_ ¥ —x — 1 =0correct to 10 decimal places.

Solution We have f(x) =x* —x — 1 and f'(x) = 3x% — 1. Since f is continuous
and since f(1) = —1 and f(2) = 5. the equation has a root in the interval [1,2].
Figure 4.13 shows that the equation has only one root to the right of x = 0. Let us
make the initial guess xp = 1.5. The Newton's Method formula here is

Y—dn—1_ 2541
21 321’

Xa+l =Xy —

so that, for example, the approximation x; is given by

215 41
T 3(1.5)2 -1

Calculus | Chapter 3, Part 2

X1 7 1.347826....



3.7 NEWTON'S METHOD

Table 2.

il X flxq)

S 0.875000 000 000 - -
| 134782608696  0.100682 1730081 .-.
2 132520039895.--  0.002058361917.-.
30 1.32471817400.--  0.000000924 378 .-
4 132471795724~ 0.000000 000000 -
5 13247795724...

The values in Table 2 were obtained with a scientific calculator. Evidently r =

1.324 717957 2 correctly rounded to 10 decimal places.

e S



3.7 NEWTON'S METHOD

..--""'-"..'- I

— :‘l.l = : s
Figure 4.13 The graphs of x? and x + 1
meet only once to the right of x = 0. and

that meeting is between 1 and 2
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3.7 NEWTON'S METHOD

3

Example: Solve the equation x®> = cos x to 11 decimal places.

Figure 4.7 Solving x? — cosx
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3.7 NEWTON'S METHOD

3

Example: Solve the equation x®> = cos x to 11 decimal places.

Figure 4.7 Solving x? — cosx

& Solution It appears that the curves intersect slightly to the left of
x = 1. So we choose xg = 0.8. If f(x) = x> — cos x, then
f'(x) = 3x2 + sin x. The Newton's Method formula for this function is

X;:’ —COSX, 2X,§ + X, sin X, + €os X,

Xn+1 = Xn — - = -
" " 3x2 +sinx, 3x2 + sin x,,
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3.7 NEWTON'S METHOD

The approximations xi, X2, ..., are given in the following table

Xp f(xn)
0.8 —0.184 706 709 347
0.870 034 801 135 0.013 782 078 762
0.865 494 102 425 0.000 006 038 051
0.865 474 033 493 0.000 000 001 176
0.865 474 033 102 0.000 000 000 000
0.865 474 033 102 0.000 000 000 000

1k W OIS

Thus, the two curves intersect at x = 0.865 474 033 102, rounded to 11
decimal places.
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